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Abstract: We study a three Higgs doublet model where one doublet is inert and the
other two doublets are active. Flavor changing neutral currents are avoided at tree-level
by imposing a softly broken Z ′2 symmetry and we consider type I and type II Yukawa
structures. The lightest inert scalar is a viable Dark Matter (DM) candidate. A numerical
scan of the free parameters is performed taking into account theoretical constraints such as
positivity of the scalar potential and unitarity of 2→ 2 scattering amplitudes. The model is
further constrained by experimental results such as B physics lower limits on charged Higgs
masses, Electroweak Precision Observables, LEP II, LHC Higgs measurements, Planck
measurement of the DM relic abundance and WIMP direct searches by the LUX and
XENON1T experiments. The model predictions for mono-jet, mono Z and mono Higgs
final states are studied and tested against current LHC data and we find the model to
be allowed. Projected sensitivities of direct detection experiments will leave only a tiny
window in the DM mass versus coupling plane that is compliant with relic density bounds.
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1 Introduction
The nature of dark matter remains one of the biggest mysteries in physics. While evidence
for the existence of DM has been very well established over the last decades, the Standard
Model (SM) lacks a good DM candidate. It is therefore necessary to consider theories
beyond the SM to address this issue.
One of the most conspicuous examples of a DM candidate is the so called WIMP
whose mass is expected to be of order the electroweak scale mχ ≈ 100GeV in order to give
the correct annihilation cross section for DM depletion. Models with WIMP candidates
exist in abundance in the literature. Perhaps the most famous example is the Minimal
Supersymmetric Standard Model (MSSM), however the lack of evidence at the LHC for
superpartners has prompted the physics community to look for alternative scenarios.
The inert two Higgs doublet model (IDM) stands as a well motivated non supersym-
metric extension of the SM that has within it a viable DM candidate and is still consistent
with theoretical and experimental bounds. Like other WIMP models, it predicts monojet,
mono-Z, mono-Higgs and vector boson fusion plus missing transverse energy signals at the
LHC [1].
However the parameter space of the IDM will become more constrained as the LHC
program continues improving on its precision measurements of the electroweak sector and
as more stringent bounds are placed on the annihilation cross section of DM by direct
detection experiments in the upcoming future. Thus it is interesting to consider extensions
of the IDM which predict additional phenomena but might evade some of these constraints.
The fact that the IDM doesn’t allow CP violation in the scalar sector was one of the
main motivations for Grzadkowski, Ogreid and Osland, Ref. [2] to extend the IDM by
adding an extra active SU(2)L Higgs doublet. They called it the IDM2 and scanned its
parameter space imposing theoretical and experimental constraints to determine where DM
abundance is acceptable and CP is violated. Although the issue of electroweak baryogenesis
was not addressed by the authors they used the difference between the average and the
maximal values of the electron electric dipole moment and the basis-independent invariants,
introduced by Gunion and Haber in [3], to provide a measure of the amount of CP violation.
The same model was further studied by some of the same authors in Refs. [4, 5]. In
[4] the authors refined the basis invariants used in [2] to include the effect from the extra
inert doublet and include DM direct detection constraints in their study. In Ref. [5] the
phenomenology of charged scalars at the LHC was studied.
Another interesting scenario that allows for CP violation is that of a 2HDM plus an
inert gauge singlet scalar [6]. This model has fewer parameters and the DM is more inert,
i.e. it doesn’t have gauge interactions. In this model there are two independent portal
couplings that allow decoupling between DM annihilation and scattering off nucleons and
thus one has to take into account isospin violation i.e. the effective couplings of DM to the
proton and the neutron are different and one has to rescale the experimental cross sections.
The CP conserved version of the IDM2 was studied in ref. [7] by Moretti and Yagyu,
together with a model with 2 inert and one active doublet. They referred to these models as
I(1+2)HDM and I(2+1)HDM respectively. They studied the constraints on the parameter
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space from perturbative unitarity by calculating all possible scalar boson 2 → 2 elastic
scatterings. They also included constraints from electroweak precision observables (EWPO)
and provided the relevant formulas for the Peskin-Takeuchi S, T and U for both models.
The results of this paper were used in the I(1+2)HDM by Moretti, Rojas and Yagyu
in [8] to calculate the one loop induced H±W∓Z vertex and study the parameter space
where the branching fraction H± →W∓Z can be of order 10% when the charged scalar is
lighter than the top quark.
The I(2+1)HDM [9–11] has two inert doublets and thus can alleviate the tension with
direct detection experiments in the low mass region. In the high mass region, it can bring
the model to testable territory by decreasing the mass or increasing the Higgs DM coupling
while keeping the required amount of DM relic density. See Refs. [12–15] for further studies
on this model.
In the past five years or so there has been little investigation of the I(1+2)HDM. An
updated revision of the parameter space confronted with the data from run 2 of the LHC
would be valuable. It is also important to do a detailed survey of the different mono object
signals that arise as predictions of the model and to test them against LHC analyses.
In this work we study the CP conserving I(1+2)HDM with both type I and type II
Yukawa interactions. We take into account theoretical constraints such as positivity of the
scalar potential and unitarity constraints on the quartic couplings. B physics bounds on
the charged Higgs mass mH± as a function of tanβ are utilized. The most recent LHC
Higgs data is enforced as well as the DM relic density results by Planck. Direct detection
upper limits on the annihilation cross section as function of DM mass are used to find
consistent regions of parameter space. The model was implemented in FeynRules [16] and
we used micrOMEGAs [17–20] to calculate DM observables.
The outline of the paper is as follows: the model notation and conventions are intro-
duced in section 2 together with the relevant free parameters. In section 3 we present the
theoretical constraints that will be imposed. Section 4 contains the experimental restric-
tions the model needs to satisfy to be consistent. The differences between this model and
a simple superposition of the IDM and 2HDM are outlined in section 5. A numerical scan
of the parameter space is performed in section 6. The predictions of the model for different
mono-object final states are examined in section 7. In section 8 we discuss constraints
from heavy Higgs searches at the LHC. Section 9 contains our conclusions. We devote
two Appendices to include relevant formulas for the 2HDM parameters and for the oblique
corrections.
2 Model Description
2.1 The inert plus two doublet model
The I(1+2)HDM has two active SU(2)L Higgs doublets that we parametrize as follows
Φ1 =
(
ϕ+1
(v1 + ρ1 + iχ1)/
√
2
)
, Φ2 =
(
ϕ+2
(v2 + ρ2 + iχ2)/
√
2
)
, (2.1)
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while the inert doublet is written as
η =
(
χ+
(χ+ iχa)/
√
2
)
. (2.2)
The model has a Z2 × Z ′2 symmetry, where the first factor is the inert-doublet Z2:
η → −η (all other fields are neutral) and a softly broken Z ′2 is introduced (Φ1 → Φ1, Φ2 →
−Φ2,) on the Higgs doublets to avoid tree level FCNC’s.
In this work we follow the notation of Ref. [2] and we write the potential as
V (Φ1,Φ2, η) = V12(Φ1,Φ2) + V3(η) + V123(Φ1,Φ2, η), (2.3)
where V12 is the regular 2HDM potential with softly broken Z2, namely
V12(Φ1,Φ2) = −1
2
{
m211Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 +
[
m212Φ
†
1Φ2 + h.c.
]}
+
λ1
2
(Φ†1Φ1)
2 +
λ2
2
(Φ†2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2) + λ4(Φ
†
1Φ2)(Φ
†
2Φ1)
+
1
2
[
λ5(Φ
†
1Φ2)
2 + h.c.
]
, (2.4)
while the inert sector potential is simply written as
V3(η) = m
2
ηη
†η +
λη
2
(η†η)2, (2.5)
and the most general mixing terms between active and inert doublets is given by
V123(Φ1,Φ2, η) = λ1133(Φ
†
1Φ1)(η
†η) + λ2233(Φ
†
2Φ2)(η
†η)
+ λ1331(Φ
†
1η)(η
†Φ1) + λ2332(Φ
†
2η)(η
†Φ2)
+
1
2
[
λ1313(Φ
†
1η)
2 + h.c.
]
+
1
2
[
λ2323(Φ
†
2η)
2 + h.c.
]
. (2.6)
As we are not interested in investigating electroweak baryogenesis in this scenario we
will assume CP conservation for simplicity and take all the parameters in the scalar sector
to be real. We also note that CP non-conservation introduces three mixing angles in the
active scalar sector and requires some parameters to be complex. A full account of CP
violation can be found in Refs. [2, 4].
We adopt the ”dark democracy” of the quartic couplings
λa ≡ λ1133 = λ2233,
λb ≡ λ1331 = λ2332,
λc ≡ λ1313 = λ2323, (2.7)
this simplification reduces the number of parameters significantly and doesn’t have a sig-
nificant impact on our conclusions.
The softly broken Z ′2 gives rise to four different Yukawa interactions. For a review see
Ref. [21]. In this work we focus on type I model in which all fermions have charge −1 under
the Z ′2 and couple to Φ2 and the type II model which has down quarks and leptons to be
neutral under Z ′2 thus coupling to Φ1 and the up quarks are odd which couples them to Φ2.
The other two types of models called lepton-specific and flipped have identical couplings
to quarks as the type I and type II model respectively and are not considered here.
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2.2 Mass Eigenstates
The diagonalization of the CP odd fields as well as the charged scalars is carried out by
the orthogonal transformation (See Appendix A for details)(
χ1
χ2
)
=
(
cβ −sβ
sβ cβ
)(
G0
A
)
,
(
ϕ+1
ϕ+2
)
=
(
cβ −sβ
sβ cβ
)(
G+
H+
)
, (2.8)
where cβ = cosβ, sβ = sinβ and tanβ ≡ v2/v1. G0 is the neutral Goldstone boson and
A is the physical pseudoscalar while G± is the charged Goldstone boson and H+ is the
charged Higgs.
The physical CP even scalars are obtained by the rotation(
ρ1
ρ2
)
=
(
cα −sα
sα cα
)(
H
h
)
, (2.9)
where h and H correspond to the lighter and heavier CP even scalar states respectively.
Notice that there are 8 real parameters in the scalar potential V12 and tanβ = v1/v2
giving a total of 9 parameters. However the minimization conditions of the potential reduce
the number of free parameters down to 7. Here we choose as free parameters the following
S1 =
{
mh,mH ,mA,mH± ,m
2
12, α, β
}
, (2.10)
which we will call the ”active” set as it corresponds to the active Higgs doublets. We write
m212 explicitly in this set as it can have positive or negative values.
Since the inert doublet is endowed with a discrete Z2 symmetry its field components
do not mix with the Higgs eigenstates and the mass matrices are trivially diagonal in this
sector. One can thus solve for the quartic couplings in favor of the squared masses and the
quadratic mass term m2η as follows
λa =
2(m2χ± −m2η)
v2
, (2.11)
λb =
m2χa − 2m2χ± +m2χ
v2
, (2.12)
λc =
−m2χa +m2χ
v2
. (2.13)
The inert sector V3 + V123 is thus characterized by 5 parameters
S2 =
{
mχ,mχa ,mχ± ,m
2
η, λη
}
, (2.14)
which we call the ”inert” set of parameters. The full set of free parameters is thus given
by S = S1 + S2. The SM Higgs boson is fixed to mh = 125 GeV therefore the effective
number of free parameters is reduced to 11. Notice that we write m2η explicitly in S2 as it
can have positive or negative values.
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When the active doublets get a vev the quadratic mass term for the neutral component
of the inert doublet is given by
V ⊇ m2ηη†η +
v2
2
(
λaη
†η + λb|η0|2 + λcRe[(η0)2]
)
, (2.15)
therefore in order for η not to develop a vev one has to require
m2η +
v2
2
(λa + λb + λc) = m
2
χ > 0, (2.16)
which is automatically satisfied and where we used the expressions for the quartic couplings
given above.
3 Theoretical Constraints
In this section we provide the theoretical constraints that will be imposed on our numerical
scan later in section (6). These formulas have been derived before, see Refs. [2, 7], but we
include them here for completeness.
3.1 Positivity of the potential
The following inequalities involving the quartic couplings provide the sufficient conditions
for positivity of the scalar potential [2]
λ1 > 0, λ2 > 0, λη > 0, (3.1)
λx > −
√
λ1λ2, λy > −
√
λ1λη, λy > −
√
λ2λη, (3.2)
λy ≥ 0 ∨
(
ληλx − λ2y > −
√
(ληλ1 − λ2y)(ληλ2 − λ2y)
)
. (3.3)
where
λx = λ3 + min (0, λ4 − |λ5|) , (3.4)
λy = λa + min (0, λb − |λc|) . (3.5)
In Ref. [2] these conditions were presented as necessary and sufficient. However it has been
shown in Ref. [22] that these conditions are only sufficient but not necessary. Thus there
can be regions of parameter space which violate the conditions above but still have a scalar
potential that is bounded from below. In this work we will implement these constraints to
guarantee positivity.
3.2 Unitarity
The magnitude of the quartic couplings can also be constrained by requiring unitarity of
the S-matrix. The calculation of the s-wave amplitude matrix for all possible 2→ 2 elastic
scatterings of scalar bosons for this model was done in Ref. [7]. The requirement for
unitarity can be translated into the following conditions
|xi| < 8pi, (i = 1, ...9), (3.6)
|y±j | < 8pi, (j = 1, ...6), (3.7)
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where xi are the eigenvalues of the following matrices
X1 =
 3λη 2λa + λb 2λa + λb2λa + λb 3λ1 2λ3 + λ4
2λa + λb 2λ3 + λ4 3λ2
 , X2 =
λη λb λbλb λ1 λ4
λb λ4 λ2
 , X3 =
λη λc λcλc λ1 λ5
λc λ5 λ2
 , (3.8)
and
y±1 = λ3 + 2λ4 ± 3λ5, (3.9)
y±2 = λa + 2λb ± 3λc, (3.10)
y±3 = λ3 ± λ5, (3.11)
y±4 = λa ± λc, (3.12)
y±5 = λ3 ± λ4, (3.13)
y±6 = λa ± λb, (3.14)
notice that in the most general case there are 18 eigenvalues while in our scenario with the
dark democracy assumption the are only 15. The formulas for the most general case are
given in Ref. [7].
As shown in [23] several vacuum solutions of the 2HDM may coexist at tree-level
and one has to check that the vacuum chosen corresponds to the global minimum of the
potential. However in Refs.[4, 5] it has been mentioned that checking of this restriction is
computationally very expensive and that it only eliminates about order 10 % of the points
in parameter space that satisfy all other restrictions. Even if one imposes the tree level
global minimum conditions, running effects could drive some quartic couplings negative at
high energy scales rendering the minimum metastable. A dedicated study of these running
effects is beyond the scope of this paper.
4 Experimental Constraints
4.1 B physics constraints
Flavor observables, e.g. the b-meson decay B → Xsγ receive corrections from charged
Higgs boson loops and therefore its branching fraction impose constraints on the charged
Higgs mass mH±. The mass of the inert charged Higgs field χ± is innocuous to this
observable as it doesn’t couple to fermions. The most recent fit of the 2HDM to the LHC
data on heavy Higgs boson searches and B physics constraints was presented in Ref. [24]
for all four types of Yukawa interactions. On figure 11 of that reference (the arxiv version)
the yellow region is excluded by flavor observables. To extract constraints on the charged
Higgs mass as a function of tanβ we interpolate a function that has a lower bound of
mH± > 825 GeV for tanβ = 2 and relaxes to mH± > 130 GeV for tanβ = 5 for the type
I model. For the type II model the lower bounds are mH± > 841 GeV for tanβ = 2 and
mH± > 724 GeV for tanβ = 10.
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4.2 Electroweak Precision Observables
The 1-loop corrections to the gauge bosons two-point functions can be encoded by the
Peskin-Takeuchi S, T and U parameters, also known as oblique parameters. The difference
between the value of this parameters in this model and the SM is written as
∆S[I(1+2)HDM] = ∆SA + ∆SI,
∆T [I(1+2)HDM] = ∆TA + ∆TI,
∆U [I(1+2)HDM] = ∆UA + ∆UI. (4.1)
where the subscript A stands for the contribution of loop effects due to the active Higgs
doublets Φ1 and Φ2 while the subscript I stands for the inert doublet η contribution, i.e.,
at 1-loop the effects coming from the active and inert doublets are simply additive.
The oblique parameters in the general 2HDM were calculated in [25] and in the IDM
in [26]. The formulas for the I(1+2)HDM were presented in Ref. [7] and we include them
in Appendix B.
With U = 0 fixed, the current measured values of the S and T parameters assuming
mh = 125 GeV are given by [27]
∆S = 0.06± 0.09, ∆T = 0.1± 0.07, (4.2)
with correlation coefficient 91%. We require all points of parameter space to lie within two
standard deviations of the central value.
4.3 Constraints from LEP
The widths of the gauge Z and W bosons have been measured very precisely at LEP
experiments. Thus in order to ensure that the decay of the gauge bosons to inert and
active scalar sectors are kinematically forbidden we impose the following constraints on
the scalar masses
2mH± > mZ , 2mχ± > mZ , (4.3)
for Z → H+H−, χ+χ−,
mA +mH > mZ , mχ +mχa > mZ , (4.4)
for Z → HA, XXa and
mH +mH± > mW , mA +mH± > mW , (4.5)
mχ +mχ± > mW , mχa +mχ± > mW , (4.6)
for W± → HH±, AH±, χχ±, χaχ±.
We also take into account the LEPII MSSM limits applied to the IDM as derived in
[28]. These results exclude the intersection of conditions
mX < 80 GeV, mXa < 100 GeV, mXa −mX > 8 GeV, (4.7)
Furthermore, LEP also constraints the masses of charged scalars to be
mH± ,mX± > 70 GeV, (4.8)
as was found in Ref. [29].
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4.4 LHC Higgs data
As discussed in section (2), the I(1+2)HDM is determined by 12 free parameters. However
we fix the value of mh = 125 GeV such that the field h corresponds to the SM Higgs
boson. We also notice that the SM Higgs boson couplings to vector bosons scale as ghV V ∝
sin (β − α) and measurements of this coupling at the LHC are very consistent with the SM
value of ghV V = 1 at the level of 10% and is expected to improve at the HL-LHC [30] to
about 2% accuracy. In Ref. [24] the most updated global fit of 2HDMs showed that the
quantity |β − α − pi/2| cannot exceed the values 0.26 and 0.055 in the type I and type II
models respectively. We take this result to impose limits on the scan of the mixing angle
α in the following section.
In this work we focus on the case where χ is the lightest particle in the inert sector,
i.e. Mχ < Mχa and Mχ < Mχ± . For light enough dark matter, Mχ < mh/2 the invisible
decay channel of the Higgs boson is kinematically open and is given by
Γ(h→ χχ) = (λa + λb + λc)
2
32pi
v2
mh
sin2 (β − α)
√
1− 4M
2
χ
m2h
. (4.9)
Constraints on the Higgs boson branching ratio to invisible final states have been
reported by the ATLAS collaboration to be BR(h → invisible) < 28% at the 95% C.L.
The most recent constraint has been reported by CMS group and is given by [31]
BR(h→ invisible) < 19%, (4.10)
at the 95% C.L. We will use this bound in our numerical scan.
It is well known that in the 2HDM the effective coupling of the Higgs bosons to pairs
of photons receive contributions from charged scalars loops. We have implemented the
effective gg and γγ couplings of the Higgs bosons in micrOMEGAs and we use the signal
strength in Ref. [32]
Γ(h→ gg)×BR(h→ γγ)
Γ(hSM → gg)BR(hSM → γγ) = 1.14
+0.38
−0.36, (4.11)
where the errors are doubled to obtain the 2σ confidence level used to constrain the model
parameters. Here we assume Higgs dominant production via gluon fusion channel. The
partial decay width in the SM is obtained from [32] BR(hSM → gg) = 0.0856 and we use
ΓtotalhSM = 0.004 GeV from [33].
4.5 Relic Density
The latest results from the Planck collaboration [34] give the following value for the DM
relic density
ΩDMh
2 = 0.120± 0.001. (4.12)
In the numerical scan we allow the model to predict the dark matter under-abundance
as other field components could contribute to the relic density and impose the upper
bound as an experimental constraint. The relic density ΩPlanckDM h
2 was evaluated with
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the micrOMEGAs package [17]. The annihilation into three body final state with a virtual
Z and W bosons were included in the calculation of the relic density.
We assume 10% theoretical uncertainty as the calculation of the relic density is per-
formed at tree-level. Thus we inflated the experimental error to 10% of the central value
and use two standard deviations to set limits
ΩlimitDM h
2 = 0.120± 2× 0.012. (4.13)
4.6 Direct detection experiments
Experiments such as LUX [35], PANDAX-II [36] and the XENON1T [37] place constraints
on the spin-independent cross section of Weakly interacting Massive Particles (WIMP) off
nucleons as a function of the WIMP mass.
We have used the micrOMEGAs package [17] to evaluate the spin-independent cross
section for DM scattering off a proton. To constraint the model parameters we rescale the
cross section by a factor ΩDM/Ω
Planck
DM that takes into account that χ represents only a part
of the total DM.
To calculate the spin independent (SI) amplitude micrOMEGAs calculates the effective
coupling of the DM candidate with quarks and automatically takes into account loop
contributions from box diagrams following the model independent calculation of Ref. [38].
The DM-quark amplitudes are related to the DM-nucleon amplitudes by form factors that
are stored as global parameters. We have checked that the effect of isospin violation is
negligible in this scenario in contrast to the 2HDM plus a gauge singlet scalar [6] where
this effect was found to be negligible in the type-I model allowing the direct use of the
experimental upper limits, while it was more significant for the type-II.
We note that there are two loop triangle diagrams with either h or H being exchanged.
In the alignment limit sin (β − α) = 1 only h exchange is supported and the coupling
strength scales as
λabc ≡ λa + λb + λc = 2
m2χ −m2η
v2
, (4.14)
therefore the DM-nucleon interaction is determined by the difference between the DM
mass and the quadratic mass term of the inert doublet potential. This is the same scaling
behavior of the invisible decay width of the Higgs boson, see equation (4.9). Contrary to
a naive expectation, the potential mass term mη is phenomenologically relevant as for a
given DM mass value it moderates several DM observables.
In the IDM the bounds from indirect detection experiments, e.g. AMS-02 or Fermi-
LAT are much weaker than the LHC and direct detection constraints above, see Refs.
[39, 40]. Hence we do not consider constraints coming from direct detection experiments
in this work.
5 Comparison with superposition of IDM + 2HDM
Although some constraints e.g. the change in the Peskin-Takeuchi parameters at leading
order, are a simple sum of the active and inert sector contributions, it must be emphasized
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that in general the I(1+2)HDM is not just a simple superposition of the regular IDM and
2HDM.
The addition of an extra active doublet to the regular IDM gives rise to notable dif-
ferences from just the regular IDM or 2HDM. These differences are encoded in the quartic
couplings which parametrize the interaction between the two sectors and are given in eqs.
(2.7). The most important ones in this paper are the following:
• Positivity and Unitarity. At the theoretical level, the quartic couplings lead to non-
trivial positivity as well as unitarity conditions which are not just the sum of condi-
tions given in the IDM and 2HDM, see sections 3.1 and 3.2.
• Effective coupling to photons. The Higgs coupling to a pair of photons receives loop
contributions from both active and inert charged Higgs states. Depending on the
sign and size of the quartic and trilinear Higgs couplings there can be cancellations
or enhancements between the two diagrams, an effect that is not present in either
the IDM or 2HDM.
• Invisible decays and DM annihilation. The invisible decay channel of Higgs states
as well as the decay mode into charged inert states h,H → χ+χ− arise naturally in
this scenario while they are absent in just the 2HDM. These decay modes are further
controlled by the mixing angles of the active sector so that ghχχ ∝ λabc sin (β − α)
and gHχχ ∝ λabc cos (β − α) hence in the alignment limit only the SM Higgs is allowed
to decay invisibly. This also affects the amplitude of DM annihilation via the Higgs
mediated diagrams which is important mostly in the low mass region. The are also
quartic couplings which are independent of the mixing angles, namely
gχχhh = gχχHH = λabc, gχχAA = λa + λb − λc, (5.1)
which are mainly relevant in the high mass region.
• Mono object production. The cross sections for mono-jet, mono Z and mono Higgs
final states pick up contributions from the active doublet states which are not present
in the IDM alone. Although for mono-jet and mono Z these effects turn out to be
negligible for the total cross section, they can be substantial for mono Higgs final
states which are also controlled by trilinear Higgs couplings coming from the 2HDM
exclusively.
6 Numerical Scan of Parameter Space
We perform a random scan of the free parameters of the model, according to the following
ranges
2 ≤ tanβ ≤ 10, (6.1)
10 GeV ≤ m ≤ 1000 GeV, with m = mH ,mA,mχ,mχa , (6.2)
mZ/2 GeV ≤ m ≤ 1000 GeV, with m = mH±,mχ±, (6.3)
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− 1 TeV2 ≤ m212 ≤ 1 TeV2, (6.4)
− 1 TeV2 ≤ m2η ≤ 1 TeV2, (6.5)
0.1 ≤ λη ≤ 8pi, (6.6)
and we scan the values of α that satisfy |β −α− pi/2| ≤ x with x = 0.26 (0.055) for type I
(II) as discussed in the preceding section.
The scan is done in a succession of cuts as follows:
1. Cut 1. We first random scan the parameters imposing the positivity, unitarity and
B physics constraints of sections (3.1), (3.2) and (4.1) respectively. The conditions
mχ < mχa and mχ < mχ± are implemented to make sure χ is the lightest inert
scalar.
2. Cut 2. In this cut we make use of the EWPO and LEP constraints given in sections
(4.2) and (4.3) respectively.
3. Cut 3. We apply the LHC constraints on the Higgs boson given in section (4.4) and
discard all points that give DM overabundance see equation (4.13).
4. Cut 4. Finally we discard all points in the parameter space that produce spin-
independent cross section above the quoted limit by LUX and XENON1T experi-
ments. The bounds from PANDAX-II experiment are less severe and thus are not
imposed. Data from XENON1T was taken from [41].
There is almost no correlation between the active and inert parameter sets, S1 and S2,
that we introduced in section (2.2) thus we choose to present the results of the parameter
scan in figure 1 in terms of the most relevant parameters that affect the relic density, namely
the DM mass mχ and the quadratic mass term of the inert sector mη. From the plots it
is evident that as the various parameter scan cuts are applied the mχ and mη parameters
are forced to become more degenerate.
During the scan we only imposed the Planck upper limit (4.13) on the relic density as
there can be other components or dark sectors that contribute to DM production. The most
salient result from these figures is the identification of two regions where the experimental
lower bound on the relic density is also satisfied. There is a low mass region with DM mass
in the range [55, 73] GeV and a high mass region with mχ in the range [500, 1000] GeV.
These points are highlighted in color green on the figure. For the purpose of clarity we
made those points bigger than the rest of the under abundance points. We will refer to
these low and high DM mass regions compliant with Planck limits as the low-DM region
(LDM) and high-DM region (HDM) for short. For both regions the maximum allowed
value of mass difference was found to be |mη −mχ| ≈ 4 GeV. We want to note here that
the identification of the LDM and HDM regions agrees with the parameter space study of
Ref. [4], see figure 2 on that reference.
In this regions the strongest deviation from the alignment limit for both Type-I and II
was found to be cos (β − α) ≈ 0.03. That this is such a small deviation is understandable
as a nonzero value opens up DM annihilation via a heavy Higgs portal increasing the
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annihilation cross section and reducing the value of the relic density. The plots presented
in figure 1 where generated for the type-I model. For the type II model no qualitative
difference arises ergo the plots are not presented.
Figure 1: Allowed points of parameter space that survived the succession of cuts. In
Cut 1 (upper left) we applied unitarity, positivity and B physics constraints, in Cut 2
(upper right) shows points that survive after imposing EWPO and LEP constraints, in
Cut 3 (lower left) the LHC constraints on the Higgs boson signal strengths and the upper
bound on DM relic abundance are applied and finally in Cut 4 (lower right) the LUX and
XENON1T experimental results on the spin independent cross section were implemented.
In the vertical axis we took the square root of the absolute value of inert sector mass
parameter mη so that negative allowed values correspond to −m2η in the scalar potential.
When the projected upper bounds from the LZ collaboration [42] are applied to the
whole data set that survived cut4 we found that the HDM region could be completely
ruled out while for the LDM region there would be a tiny window that survives with
67 < mχ < 73 GeV and quartic coupling values of about λabc ∼ O(10−4). This effect can
be appreciated in figure 2 where we chose three benchmark points from LDM (BP1) and
HDM (BP2 and BP3), displayed in table 1. One can notice that there is a higher mass
region for mχ > TeV that survives. This region is however not explored in this paper.
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tanβ cβ−α m12 mH mA mH± mχ mη mχa mχ±
BP1 4.24 −0.01 556 161 196 311 72.2 mχ+10−4 143 132
BP2 9.7 0.003 126 285 359 334 949 947 955 950
BP3 4.1 −0.0007 163.7 293 365 403 891 895 896 900
Table 1: Benchmark points as drawn originally from the numerical scan which correspond
to the curves of figure 2 . All mass parameters are in GeV units.
Figure 2: DM spin independent scattering cross section with nucleons as function of mχ
for benchmark points of table 1. The upper limits from XENON1T and projected from LZ
experiments are shown for comparison.
7 Model Predictions
We devote this section to studying mono object signals plus missing transverse energy and
the prospects for the LHC to probe them. Of particular interest are processes with a jet,
a Z boson or a Higgs boson in the final state. For the rest of this section, unless otherwise
noted, whenever we refer to the allowed parameters in our scan we imply all points that
survived Cut4 independently of whether or not they fall into LDM or HDM regions. The
study of signals at lepton colliders in this model are left for future work. In the IDM this
has been investigated in Refs. [43, 44].
In the calculation of the production rates we implemented the following configurations
and cuts:
1 For the proton initial states we used the PDF NNPDF23 lo as 0130 qed that is im-
plemented within CalcHEP.
2 The QCD renormalization and factorization scales were set equal to the missing
transverse momentum of the final states for all processes.
3 A minimum cut of 100 GeV is placed on the missing transverse momentum for all
processes.
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7.1 Mono jet
Mono jet signals have been studied in the context of the inert two Higgs doublet model,
see e.g. Refs. [40, 45]. In a similar way, the I(1+2)HDM predicts two different kinds of
jet plus missing transverse energy final states. The two possibilities are pp → jχχ and
pp→ jχχa respectively.
The process pp → jχχ is determined by the couplings of the Higgs eigenstates to
fermions ghff and gHff which control the production cross section and by the interaction
of the Higgs eigenstates with the DM particle which goes as λabc sin (β − α) for h and as
λabc cos (β − α) for H where λabc ≡ λa+λb+λc was defined in eq. (4.14). Therefore in the
alignment limit only the SM Higgs will mediate this process. We thus expect the strongest
effects to come from the maximum absolute value allowed for the Higgs DM coupling which
we found to be λabc,min = −1.36 and λabc,max = 5.
As we have previously discussed, only small deviations from the alignment limit are
allowed by electroweak experiments. For small deviations from this limit, the heavy Higgs
couplings to fermions can be parametrized as
gHff ≈ − 1
tanβ
+ 0.266, Type I, (7.1)
gHuu ≈ − 1
tanβ
+ 0.055, gHdd ≈ − tanβ + 0.055, Type II, (7.2)
where the numerical factors come from the results of the latest 2HDM fit [24]. Thus the
biggest effects will come for low values of tanβ for both type I and type II models since
top quark loops dominate. In our numerical scan of the previous section the strongest
deviation from the alignment limit that we found corresponds to cos (β − α) = 0.24 and
tanβ = 2.51 as the lowest value in the type I model.
In the type II model the strongest deviation was found to be cos (β − α) ≈ 0.07,
too mild to produce any significant effect. We will not consider the deviation from the
alignment limit in the type II model in the rest of the paper.
In figure 3 we plot the cross sections as a function of DM mass for the minimum and
maximum allowed values of λabc. As it is evident from these plots the biggest effect comes
from the maximum allowed value of the Higgs to DM coupling, in this case λabc = 5.
Away from alignment limit the effects from diagrams mediated by the heavy Higgs have a
negligible impact on the cross section and tend to converge rapidly to the alignment limit
as mH increases.
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Figure 3: Cross sections for the jχχ final state for different values of λabc. The minimum
allowed value tβ = 2.5 was used.
The other possibility for monojet final state is given by the process pp → jχχa. This
is even simpler to describe as the only relevant parameters are the DM masses mχ and
mχa. A Z boson is mediated in this process and the Zχχa vertex is fixed by electroweak
parameters. The effect is more significant for small mass separation. This effect can be
appreciated in figure 4 where we plot the cross section as a function of mχ for different
mass separations and for a fixed value of mχa (orange curve).
Figure 4: Cross sections for the process pp → jχχa. Similar to χχ final state we fixed
tβ = 2.5.
7.2 Mono Z
Another interesting signal that arises within this model is the mono Z final state. The
relevant diagrams for this process are displayed in figure 5. There are Higgs mediated
diagrams which are determined by the λabc coupling and are displayed in the first row of
figure 5.
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Figure 5: Feynman diagrams contributing to the mono Z process.
The interaction between the active heavy states and a Z boson scales as gAHZ ∝
sin (β − α) while the heavy Higgs coupling to DM is proportional to cos (β − α), therefore
away from the alignment limit the pseudoscalar and heavy Higgs contribute to the cross
section as shown in the third diagram of the first row. This effect is however insignificant
and the total cross section is dominated by the diagrams of the second row. This type
of diagrams (second row) do not involve Higgs bosons and are completely determined by
gauge interactions with mχa as the only relevant parameter. In figure 4 we show the cross
sections for some benchmark values of mass separation and for maximum and minimum
λabc.
Figure 6: Cross sections for the mono-Z object final state for different benchmark values
of λabc and mass differences and tβ = 2.5.
7.3 Mono-Higgs
There is also the possibility of mono Higgs final states. Similar to the mono-jet production
there are two possible final states, namely hχχ or hχχa. Example diagrams for the former
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are displayed in figure 7. In this case the possibilities are more diverse having diagrams that
scale with ghhXX = λabc as shown on the first diagram of the first row and also diagrams
that scale with the trilinear Higgs couplings ghhh, ghhH and ghHH as manifested in the
second diagram of the first row. The Higgs trilinear couplings are given by
ghhh = − 1
16vc2βs
2
β
[−8m212c2β−αcβ+α + 2m2h (cβ−3α + 3cβ+α) s2β] , (7.3)
ghhH =
cβ−α
vsβcβ
[
m212
(
−1 + 3cαsα
cβsβ
)
− (2m2h +m2H) s2α] , (7.4)
ghHH =
8sβ−α
vs2β
[
−m212 + s2α
(
m2h + 2m
2
H − 3
m212
s2β
)]
, (7.5)
where we used the shorthand notation cα ≡ cosα etc. We thus see from these expressions
that m212 and mH determine the strength of the trilinear interactions for fixed α and β. We
chose two benchmark points from the parameter scan that yields the largest possible value
for one of the couplings. We found that ghHH = −107v for tanβ = 8, cos (β − α) = 0.2,
m12 = 366 GeV and mH = 728 GeV and ghhH = 3.3v for tanβ = 2.52, cos (β − α) = 0.07,
m12 = 556 GeV and mH = 724 GeV.
Figure 7: Feynman diagrams contributing to the mono-Higgs production via the process
pp→ χχh.
The results for the production cross sections are presented in figure 8 where for com-
parison we show the cross sections for cos (β − α) = 0 and we fixed tβ = 2.5. It can be seen
that the cross section is dominant for the largest possible value of λabc and is enhanced
in the low mass region up to about the Higgs threshold when it starts to decrease. The
strongest cross section coming from the benchmark value with ghhH = 3.3v.
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Figure 8: Cross sections as a function of mχ for mono-Higgs production via the χχh final
state. The parameter values for ghHH = −107v are tanβ = 8, cos (β − α) = 0.2, m12 = 366
GeV and mH = 728 GeV and for ghhH = 3.3v are tanβ = 2.52, cos (β − α) = 0.07,
m12 = 556 GeV and mH = 724 GeV.
Finally, the Feynman diagrams for the process pp→ hχχa are shown in figure 9. The
first two diagrams are mediated by the pseudoscalar and only contribute when cos (β − α) 6=
0. This effect is too small and the cross section is dominated by the third diagram of the
first row and the diagrams of the second row for which vertex factors are determined by
gauge interactions. These features can be more closely appreciated in figure 10 where we
plot the cross sections for cos (β − α) = 0 on the left and for cos (β − α) = 0.24 on the
right.
Figure 9: Feynman diagrams contributing to the mono-Higgs production via the process
pp→ χχah.
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Figure 10: Cross sections for χχah final state for cos (β − α) = 0 (left) and for
cos (β − α) = 0.24 (right) for minimum and maximum λabc values and mass differences
with tβ = 2.5 fixed. On the right plot we also fixed λc = 2.4 which is the maximum value
found in HDM region and controls the Aχχah coupling.
From the cross sections presented above we can conclude that the strongest effect
comes from the mono-jet final state jχχ with cross sections of about O(1) pb for a DM
mass in the range 50 ≤ mχ ≤ 70 GeV.
To test these predictions against the LHC data we used the CheckMATE 2 [46–52]
software package. We implemented a grid search for different benchmark points in the
plane of λabc and mχ in the range 1 ≤ λabc ≤ 5 and 50 ≤ mχ ≤ 100 GeV. For each point in
the grid we generated partonic events using CalcHEP [53] with the same cuts and scales
as specified at the beginning of this section.
Parton showering and hadronization using Pythia 8 [52] was performed within Check-
MATE 2. The program then performs a fast detector simulation using DELPHES 3 [47].
We found all points in the grid to be allowed at 95% CL with the most sensitive analysis
given in Ref. [54] which corresponds to an ATLAS search for DM using 36.1 fb−1 of data
at 13 TeV center of mass energy.
This implies that, using mono-jet final states, current LHC data or at least the analyses
currently implemented within CheckMATE 2 cannot rule out the I(1+2)HDM even for
maximal values of λabc allowed by theoretical and experimental constraints. We checked
that the LDM and HDM regions are trivially allowed as they lead to very small cross
sections either due to very small λabc in LDM or very high mass in HDM. This effect can
be better appreciated in figure 11 (left) where we show the region in the λabc, mχ plane.
On the right of that figure we show the zoomed LDM region where the points colored pink
are excluded by the projected bounds from LZ collaboration. The whole HDM region is
ruled out by LZ projected limits.
Our results agree with those of the IDM, see Ref. [45]. In that reference the authors
obtained upper limits for current and projected luminosities by doing a shape analysis of the
missing transverse momentum distribution. Only by combining the final states jχχ+ jχχa
for small mass separation mχa = mχ + 1 GeV, they found that DM masses very close to
the Higgs threshold mh/2 could be excluded with 30 fb
−1 of integrated luminosity. Further
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with 3000 fb−1 all the region with mχ < mh/2 could be excluded for maximal Higgs-DM
coupling.
The I(1+2)HDM stands as a simple extension of the IDM with more parameters that
can weaken the limits coming from mono-jet searches at the LHC.
Figure 11: Left: points that account for all DM, also shown in figure 1 (green points)
in terms of mη and mχ. Right: Zoom on the LDM region where points colored pink are
ruled out by projected bounds from the LZ collaboration.
8 Heavy Higgs searches
Constraints on the parameter space of 2HDMs with softly broken Z2 symmetry due to
experimental heavy Higgs searches at the LHC have been studied before, see e.g. Ref. [24].
Although a thorough investigation of these constraints in the I(1+2)HDM is beyond the
scope of the present work we will present some predictions for production cross sections
times branching fractions using some benchmark values of the parameters and we will
compare with experimental searches to indicate if the model can be probed or not.
We focus on the decay mode H → hh for concreteness. The production cross section
depends on the heavy Higgs couplings to quarks and on the trilinear coupling ghhH given
in eq. (7.4). From the parameter scan we chose two benchmark values where the trilinear
coupling has its minimum and maximum values and a third benchmark where the branching
fraction forH → hh is maximal. In table 2, details about the parameters of each benchmark
point drawn from the numerical scan are displayed. The cross sections are presented in
figure 12. The strongest effect is from the first benchmark point which has positive ghhH
and cross section values of about 1 pb at mH = 260 and 1fb at mH = 1000 GeV.
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ghhH/v tanβ cβ−α m12 mH mA mH± mχ mχa mχ±
BP4 3.25 2.52 −0.07 556 724 831 856 231 273 300
BP5 −2.87 6.5 0.1 393 715 597 590 325 326 415
BP6 −0.76 3.53 −0.18 213 328 281 364 153 249 216
Table 2: Benchmark points as drawn originally from the numerical scan which correspond
to the curves of figure 12 . All mass parameters are in GeV.
Figure 12: Production cross sections for the process pp → H → hh as a function of mH
for the benchmark values given in table 2. We also show the 95% CL upper limit from
Ref. [55]. The Higgs trilinear coupling was fixed to its minimum and maximum values
ghhH = 3.25 v (blue) and ghhH = −2.87 v (orange). The benchmark point BP3 which
corresponds to ghhH = −0.76 (green) gives the maximum value for BR(H → hh).
The magnitude of the observed experimental upper bounds depends on the decay
mode of the final state Higgs bosons of the respective search analysis. In figure 11 of Ref.
[56] upper bounds for the production cross section times branching fraction are presented
corresponding to different final states of each SM Higgs boson. One can see that the
strongest constraints are given by searches focused on the bbbb final state. As no signal
excess was observed in the experiment we plot the 95 % confidence level upper limit on
the cross section in figure 12. We notice that heavy Higgs searches on this decay mode
can test the cross section with ghhH = 3.25 v for a heavy Higgs mass in the range of about
350 < msH < 430 GeV. We also notice that none of the benchmark points of table 2 are
excluded by this analysis.
9 Conclusions
In this paper we have investigated the constraints on the parameter space of the I(1+2)HDM.
A random scan of the free parameters was performed taking into account positivity of the
potential and unitarity of the quartic couplings as theoretical constraints. Experimental
constraints such as B physics, EWPO, LEP bounds on gauge bosons decays, LHC data
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on the SM Higgs boson, upper limit of the DM relic density and current direct detection
constraints on DM-nucleon scattering have been imposed.
Two regions that satisfy also the lower limit on the relic density and thus are non
under-abundant have been identified. There is a low mass region we called LDM with
mχ ∈ [55, 73] GeV and a high mass region HDM with mχ ∈ [500, 1000] GeV. This result
is consistent with previous studies of this model [4]. For a given value of mχ, the Higgs
coupling to DM is controlled by the inert sector mass squared parameter as shown in
equation 4.14 and it was found that in the LDM and HDM regions the DM mass is almost
degenerate with this parameter with a maximum separation of |mη −mχ| = 4 GeV. The
HDM region could be ruled out by the projected sensitivity of the LZ experiment while for
the LDM there is a tiny window that would survive with 67 < mχ < 73 GeV and quartic
coupling values of about λabc ∼ O(10−4).
The maximum deviation from the alignment limit in LDM and HDM regions was
found to be cos (β − α) ≈ 0.03 for both type-I and type-II models. Larger values of
cos (β − α) lead to more DM annihilation mediated by the heavy Higgs. Away from the
LDM and HDM regions where DM is under-abundant the largest deviation correspond to
| cos (β − α)| ≈ 0.24 for Type-I and cos (β − α) ≈ 0.07 for the Type-II agreeing with the
overall shape of the parameter space of mixing angles of previous papers on 2HDM.
Predictions of the model for mono-jet, mono Z and mono Higgs final states have been
studied. For well motivated benchmarks it has been shown that the most competitive
signal is given by pp → jχχ with cross sections of about O(1) pb for DM mass in the
range 50 < mχ < 70 GeV and a Higgs DM interaction of about λabc = 5. The model has
been tested using CheckMATE 2 and we found that it is allowed at 95 % CL by the LHC
analyses implemented in this package.
We have shown that searches for DM at the LHC in final states with a jet offer a
difficult way to test this model however future direct detection experiments will be able to
challenge this scenario as a model that can account for all the DM in the universe.
Acknowledgments
MM thanks Alexander Belyaev and Igor Ivanov for helpful correspondence. The authors
would also like to thank Eloy Romero Alcalde for helping with the installation of Check-
MATE 2. This work was supported by the National Science Foundation under Grant
PHY-1819575.
Appendix A 2HDM parameters
The minimization conditions on the potential V12 allows us to solve for the quadratic mass
terms as
m211 = v
2(λ1 cos
2 β + λ345 sin
2 β)−m212 tanβ, (A.1)
m222 = −m212 cotβ + v2(λ345 cos2 β + λ2 sin2 β), (A.2)
where we define
λ345 ≡ λ3 + λ4 + λ5. (A.3)
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The mass squared matrix for the CP-odd and charged Higgs bosons are given by
M2Odd =
(
1/2(m212 − v2λ5 sin 2β) tanβ −m212/2 + v2λ5 cosβ sinβ
−m212/2 + v2λ5 cosβ sinβ 1/2 cotβ(m212 − v2λ5 sin 2β)
)
, (A.4)
M2Charged =
(
−v2(λ4 + λ5) sin2 β +m212 tanβ −m212 + v2(λ4 + λ5) cosβ sinβ
−m212 + v2(λ4 + λ5) cosβ sinβ −v2(λ4 + λ5) cos2 β +m212 cotβ
)
, (A.5)
respectively. Diagonalization of this matrices, by eq. 2.8, yield a zero eigenvalue corre-
sponding to the Goldstone bosons that gets eaten to become the Z and W bosons longitu-
dinal polarizations. We choose to solve for the quartic couplings in favor of the pseudoscalar
and charged scalar masses squared m2A, m
2
H± as
λ5 =
−m2A +m212 csc 2β
v2
, (A.6)
λ4 =
m2A − 2m2H± +m212 csc 2β
v2
. (A.7)
The CP-even mass squared matrix is given by
M2Even =
(
v2λ1 cos
2 β +m212 tanβ/2 −m212/2 + v2λ345 cosβ sinβ
−m212/2 + v2λ345 cosβ sinβ m212 cotβ/2 + v2λ2 sin2 β
)
, (A.8)
where the angle that diagonalizes this matrix is given by the formula
tan 2α =
2M2Even,12
M2Even,11 −M2Even,22
. (A.9)
We use the condition
R(−α)M2EvenR(α) =
(
m2H 0
0 m2h
)
, (A.10)
where R(α) is the rotation matrix of equation (2.9) to solve to solve for λ1 and λ2 and the
off diagonal element to solve for λ345. They are given by
λ1 =
m2H cos
2 α+m2h sin
2 α− 1/2 m212 tanβ
v2 cos2 β
, (A.11)
λ2 =
m2H sin
2 α+m2h cos
2 α− 1/2 m212 cotβ
v2 sin2 β
, (A.12)
λ345 =
m212 − (m2h −m2H) sin 2α
2v2 cosβ sinβ
. (A.13)
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Appendix B EWPO Formulas
∆SA =
1
4pi
{
s2β−αF
′(m2Z ;mH ,mA)− F ′(m2Z ;mH± ,mH±)
+ c2β−α
[
F ′(m2Z ;mh,mA) + F
′(m2Z ;mH ,mZ)− F ′(m2Z ;mh,mZ)
]
+ 4m2Zc
2
β−α
[
G′(m2Z ;mH ,mZ)−G′(m2Z ;mh,mZ)
]}
, (B.1)
∆TA =
1
16pi2αemv2
{
F (0;mH± ,mA) + s
2
β−α[F (0;mH± ,mH)− F (0;mA,mH)]
+ c2β−α
[
F (0;mH± ,mh) + F (0;mH ,mW ) + F (0;mh,mZ)
− F (0;mh,mW )− F (0;mA,mh)− F (0;mH ,mZ)
+ 4G(0;mH ,mW ) + 4G(0;mh,mZ)− 4G(0;mh,mW )− 4G(0;mH ,mZ)
]}
,
(B.2)
∆UA =
1
4pi
{
F ′(m2W ;mH± ,mA)− F ′(m2Z ;mH± ,mH±)
+ s2β−α[F
′(m2W ;mH± ,mH)− F ′(m2Z ;mA,mH)]
+ c2β−α
[
F ′(m2W ;mH± ,mh) + F
′(m2W ;mW ,mH)− F ′(m2W ;mW ,mh)
]
− c2β−α
[
F ′(m2Z ;mA,mh) + F
′(m2Z ;mZ ,mH)− F ′(m2Z ;mZ ,mh)
]
+ 4m2W c
2
β−α
[
G′(m2W ;mH ,mW )−G′(m2W ;mh,mW )
]
− 4m2Zc2β−α
[
G′(m2Z ;mH ,mZ)−G′(m2Z ;mh,mZ)
]}
, (B.3)
∆SI =
1
4pi
[
F ′(m2Z ;mηH ,mηA)− F ′(m2Z ;mη± ,mη±)
]
, (B.4)
∆TI =
1
16pi2αemv2
[
F (0;mη± ,mηA) + F (0;mη± ,mηH )− F (0;mηA ,mηH )
]
, (B.5)
∆UI =
1
4pi
[
F ′(m2W ;mη± ,mηH ) + F
′(m2W ;mη± ,mηA)
− F ′(m2Z ;mη± ,mη±)− F ′(m2Z ;mηH ,mηA)
]
, (B.6)
where F ′(m2V ;m1,m2) = [F (m
2
V ;m1,m2) − F (0;m1,m2)]/m2V and G′(m2V ;m1,m2) =
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[G(m2V ;m1,m2)−G(0;m1,m2)]/m2V . The loop functions are given by
F (p2;m1,m2) =
∫ 1
0
dx
[
(2x− 1)(m21 −m22) + (2x− 1)2p2
]
ln ∆B, (B.7)
F (0;m1,m2) =
1
2
(m21 +m
2
2) +
2m21m
2
2
m21 −m22
ln
m2
m1
, (B.8)
G(p2;m1,m2) =
∫ 1
0
dx ln ∆B, (B.9)
G(0;m1,m2) = ln(m1m2)− m
2
1 +m
2
2
m21 −m22
ln
m2
m1
− 1, (B.10)
∆B = xm
2
1 + (1− x)m22 − x(1− x)p2. (B.11)
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